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Control Theory and Singular Riemannian Geometry*

R. W. Brockettf

This paper discusses the qualitative and quantitative aspects of the solution
of a class of optimal control problems, together with related questions con-
cerning a corresponding stochastic differential equation. The class has been
chosen to reveal what one may expect for the structure of the set ofconju-
gate points for smooth problems in which existence of optimal trajectories is
not an issue but for which Lie bracketing is necessary to reveal the reachable
set. It is, perhaps, not too surprising that in thinking about this problem
various geometrical analogies are useful and, in the final analysis, provide a
convenient language to express the results. Indeed, the geodesic problem of
Riemannian geometry is commonly taken to be the paradigm in the calculus
of variations; a point of view which is supported by a variety of variational
principles such as the theorem of Euler which identifies the path of a freely
moving particle on a manifold with a geodesic and the whole theory of
general relativity. Nonetheless, the class of variational problems considered
here can only be thought of as geodesic problems in some limiting sense in
which the metric tends to infinity. For this reason the geodesic analogy has
to be developed rather carefully. What is actually needed is a generalization
of Riemannian geometry and it seems that the intuitive content of Rieman-
nian geometry is sufficiently robust so as to withstand modifications of the
type required and still provide a reasonably " geometric " picture. We con-
sider questions involving model spaces, geodesic equations, the appropriate
definition of the Laplace-Beltrami operator, etc. The end results make avail-
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