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Abstract .  We consider  the loca1 behavior  of  contro l  problems descr ibed

b y  ( *  =  d x / d r )

i = f ( x , u )  ;  f ( x , 0 ) = 0
o

and more speci f ica l ly ,  the quest ion of  determin ing when there ex is ts  a

smooth funct ion u(x)  such that  x  = xo is  an equi l ibr ium point  which is

asymPtot ica l ly  s table.  Our main resul ts  are formulated in  Theorems 1

and 2 be1ow. Whereas i t  n ight  have been suspected that  contro l lab i l i ty

wou ld  i nsu re  t he  ex l s tence  o f  a  s tab i l i z i ng  con t ro l  l aw ,  Theo rem I  uses

a degree- theoret ic  argument  to show th is  is  far  f rom being the case.

The posi t ive resul t  o f  Theorem 2 can be thought  of  as prov id ing an

app l i ca t i on  o f  h i gh  ga in  f eedback  i n  a  non l i nea r  se t t i ng .

1 .  I n t roduc t i on

In th is  paper we establ ish general  theorems which are st rong

enough to i rnply ,  among other  th ings,  that

a )  t h e r e  i s  a  c o n t i n u o u s  c o n t r o l  l a w  ( u , v )  =  ( u ( x r y ,  z )  r v ( x , y , z ) )

which makes the or ig in asympEot icat ly  s table for

x = u

y = v

z = x y

and that

b )  t he re  ex i s t s  no  con t i nuous  con t ro l  l aw  (u rv )  =  (u (x ry rz ) ,

v ( x , y , z ) )  wh i ch  makes  the  o r i g i n  asymp to t i ca l l y  s tab le  f o r
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x = u

y = v

z = y u - x v

The f l rs t  o f  these i rnpl ies that  the nul l  so lut lon of  Eulerrs
angular  ve loc i ty  equat ions can be made asymptot lca l ly  s table wl th two
con t ro l  t o rques  a l i gned  w l th  p r i nc ip le  axes .  ( see  [1 ,2 ) fo r  a  gene ra l
d i scuss lon ,  bu t  no t  t h i s  pa r t i cu ra r  resu l t . )  The  second  p rov ldes  a
counter  example to the of t  repeated conjecture asser t ing that  a
reasonable form of  local  contro l lab i l i ty  iurp l les the ex is tence of  a
stabi l lz ing contro l  law.  Sect ion 2 g ives cer ta in background rnater la l
in  contro l  theory.  In  sect ion 3 we formulate our  nonexistence resul t
and ln sect ion 4 we g lve a cr i ter ion for  the ex is tence of  s tabi l iz ing
con t ro l  1aws .

Sussmann [3]  g ives an example of  a system in R2which is  controrr -
abie in  a s t rong sense and yet  fa i ls  to  have a cont inuous feedback con-
t ro l  law y ie ld ing g lobal  asymptot ic  s tabi l i ty .  His example involves

both bounds on the contro ls  and nonlocal  considerat ions,  ours involves

ne i  t he r .

2.  Contro l  Systems

we intend to work local ly  in  th is  paper,  but  even so i t  is  perhaps
lrorthwhile to make a few remarks about a g1oba1 formulation. A more
de ta i l ed  and  sys teu ra t i c  accoun t  can  be  found  i n  [ 3 ] r  bu t  i n  any  case
the reader fami l i -ar  wi th contro l  theory can go d i rect ly  to  sect ion 3.

L e t  X  b e  a  d i f f e r e n t i a b l e  m a n i f o l d  a n d  1 e t  n : E - + X  b e  a  v e c t o r
bundle over  x .  Let  rx  denote the tangent  bundle of  X and let  T*TX
deno te  t he  pu l l back  o f  TX  ove r  E .  A  sec t i on  o f  n *TX  i s  t hen  an
assignment  of  a veloc i ty  vector  in  TX for  each point  in  E.  r f  we
choose a 1oca1 t r iv ia l izat i ,on of  E and p ick coordj -nates then a sect ion

Y  €  f  (E , t l *TX)  l s  equ i va len t  ( i n  an  obv lous  no ta t i on )  t o

f  ( x ,  u )

such  a  y  i s  ca11ed  a  con t ro l  sys tem.

A  s e c t i o n  o € f ( X , f )  i s  a n  a s s i g n m e n t  o f  a  p a i r  ( u , o )  c o r r e s p o n d i n g
to  each  x  and  so  l oca l l y  i t  i s  g i ven  by  a  f unc t i on  o (x ) .  we  deno te  bv

Yo  the  sec t i on  o f  f (E ,n *TX)  de f i ned  i n  coo rd ina tes  by

x =


