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Abstract

In this thesis, we address problems relating to the control of motion of dynamical sys-
tems from a language point of view. We extend previous works on motion description
languages to incorporate systems with momentum. We provide a mathematical foundation
for designing control systems that are able to generate motions according choreographic
scripts. A useful class of language elements is constructed using phase space specifications
of the input space suitable for a second order single pendulum system. We build an ex-
perimental apparatus, the HRL single and double pendulum, to test our ideas. A wireless
communication module is used to connect the angular position sensors with the host com-
puter such that the pendulum rotates unconstrained. Taking the physical bounds of the
control signals into account, a swing-up control of the single pendulum is designed and
tested with the experimental apparatus. We compute the region of attraction for unstable,
linear control systems with bounded inputs. We formalize the low gain control as an opti-
mization problem and then provide a gradient algorithm searching for local minimal. We
presents the linearization problem as an optimization problem for which a linear system
and a nonlinear feedback control are selected simultaneously so as to minimize the distance
between the nonlinear system with nonlinear feedback and the linear system in a given
neighborhood of an equilibrium. Applying this linearization method to the HRL double

pendulum, we successfully stabilize it at its up-up position.
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Chapter 1

Introduction

The long range goal of the research initiated here is to develop a methodology for symbolic
control of dynamical systems that would be appropriate for both animal motion control
and robotics. This lofty statement hides many details and, in fact, seems to be highly
problem dependent. If we are to have a sound basis for generalization, it is necessary to
dig deeply into significant special cases involving nontrivial dynamical effects, limits on
the controls, sensor inaccuracies, etc., if we are to have a sound basis for generalization.
Although in this thesis we limit ourselves to a detailed description of a specific family of
mechanical systems, we will show how a hybrid control strategy provides a natural solution
to a class of bounded input control problems. We apply our results to control a pendulum
to an upright, inverted position by injecting energy into the system. Once at the inverted
position, a locally stabilizing controller is used for stabilizing the system around the inverted
position in the presence of control bounds.

This represents a radically new area of theoretical control, the possibilities of which
have only recently begun to emerge from the application of high-speed computer control to
dynamically unstable systems. The importance of such work can be gauged by examining
the large number of examples found in biology and mechanics. Human beings walk by shift-
ing from one unstable state to another. Forward swept wing airplanes, such as Grumman
X-29 and Sukhoi S-37, are dynamically unstable and would crash without computerized
flight control system. The lowest energy trajectories for lunar exploration and the more
general “fly by” trajectories for space exploration also have this flavor. Our goals here are
somewhat more ambitious. We investigate the design of a control system that makes it
possible to follow trajectories that visit, in sequence, oscillations, stable or unstable equi-

libria so as to accomplish a task. Our system facilitates the choreography of such systems.
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In perusing this research, our mode of operation involves theory, experiment, and software
architecture. This thesis describes both the type of theory and the type of experimentation
we have done. The development of the software architecture is not discussed here.

The inverted pendulum control has been widely used in control laboratories to demon-
strate the effectiveness of control theory and algorithms. The dynamics of the inverted
pendulums are complex enough to yield a rich source of nonlinear control problems, yet
simple enough to permit considerable mathematical analysis. In the literature of control
of inverted pendulums, Furuta’s group has a long list of experimental results, see e.g. Fu-
ruta et al. (1978, 1980); Yamakita et al. (1993, 1995); Astrom and Furuta (1996). Furuta
et al. (1978) successfully stabilize a double inverted pendulum at the upright position by
using computer control. The controller consists of state feedback and an observer based on
its linearized model. Furuta et al. (1980) stabilize a double inverted pendulum on a cart
where the cart is placed on an inclined rail. Furuta et al. (1984) stabilize a triple inverted
pendulum by introducing redundant controls. One motor is mounted on each of the two
upper joints respectively. Yamakita et al. (1993, 1995) swing up a double pendulum by
means of a combination of feedforward and feedback controls. The control strategy from
the down-down position to the up-up one is a feedforward input until the pendulum reaches
the upright position at which point the control is switched to a linear feedback control law
around the upright position. Astrom and Furuta (1996) and Astrém (1999) introduce an
energy based swing up strategy. The idea is to define a general energy function for the
vertical link of the pendulum, then pick the sign of the control so as to increase the general
energy of the pendulum. When the energy is in a certain range, the system evolution will
bring the vertical link to the up position.

There is a large literature on the control of pendulums, but we can only mention a
few examples here. The pendulum system is not exact feedback linearizable, see Brockett
(1978)’s condition for exact feedback linearization. Spong (1995) uses partial feedback
linearization and analysis of zero dynamics to swing up an acrobot. He chooses a feedback
and state transformation procedure to move all the nonlinear terms to one of the system
equations. Wei et al. (1995) stabilize a pendulum using a controller with arbitrarily small
horizontal travel. Chung and Hauser (1995) design a swing-up controller by regulating the
swing energy while providing internal stability. Angeli (2001) presents a continuous state
feedback law for almost global stabilization of an inverted pendulum on a cart. Zhao and
Spong (2001) give a hybrid control for global stabilization of the cart-pendulum system.

The problem of stabilizing a triple inverted pendulum in experiments has been studied
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by Furuta et al. (1984); Meier (1990). They simplify the problem by using two motors
to provide the control inputs. Eltohamy and Kuo (1997, 1998) stabilize a triple inverted
pendulum with single control input. They use a nonlinear optimal controller design to find
a linear feedback law.

Brockett’s Motion Description Language (MDL) provides a formal basis for robot pro-
gramming using behavior, and, at the same time, permits incorporation of kinematic mod-
els of robots given in the form of driftless differential equations, Brockett (1988a,b, 1990,
1994b). Behaviors for robots are formalized in term of a kinematic state machine with
real-time information from sensors. This formalization allows us to create a mathematical
basis for the study of such systems. At its highest level of abstraction, motion control
can be viewed as the generation of symbolic inputs to a control system based on sensory
information about its current state, desired state, and the state of the environment. These
symbolic inputs can be commands such as “move forward”, “turn left”, “stop”. Along with
sensor information, these inputs can then be used to generate more complex behaviors such
as “go to the refrigerator and get a cup of milk”.

Manikonda et al. (1998) extend Brockett’s MDL to MDLe (e for extension). The struc-
ture of the language MDLe allows descriptions of triggers (generated by sensors) in the
language. Feedback and feedforward control laws are selected and executed by the trigger-
ing events. These triggers can be viewed as interrupts in CPUs. MDLe is particularly well
suited to the demands nonholonomic path planning with limited range sensors. The atoms
in MDLe are of the form (u,&,T) where the trigger £ : Y — {0, 1} is a Boolean function.

Murray et al. (1992) define robot control primitives. It provides a graph theoretic for-
malism (tree structure) that codifies the description and control of hierarchically organized
robots in contact with their environments. Three primitives are “define”, “attach” and
“control”. Robots are dynamical systems that are recursively “defined” in terms of the
properties of their daughter robot nodes. The “attach” primitive reflects geometrical con-
straints among variables and yields another robot object which accomplishes coordinate
transformations. The “control” primitive seeks to direct a robot object to follow a spec-
ified desired position/force trajectory using some control algorithm. This approach has a
structure which is similar to object oriented programming languages, such as C++.

Neurobiological control systems make computations and exercise control over the motion
of animals using methods that are still largely unknown. The available methods for treating
nonlinear systems often fail for the type of pulse-like signals that play a dominant role

in neurobiological systems. Some aspects of pulse driven systems can be studied by a
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topological method, see Brockett (1992, 1994a, 1995). Pulse space is defined as a subset
of phase space. Systems driven by pulses respond discretely to pulse-like continuous input.
For example, consider the system & = — sin(z) 4+ u. By appropriate selection of the pulse
space, the state z will increase by 27 after each pulse input.

This thesis arose from the study of Motion Description Language (MDL) and pulse
driven dynamical systems as described by Brockett (1988a,b, 1990, 1992, 1994a,b, 1995),
as well as the study of pendulum control by Furuta et al. (1978, 1980); Yamakita et al.
(1993, 1995); Astrom and Furuta (1996); Astrom (1999). Language based control deals
with systems which are mostly quasi-static. This thesis is an attempt to go beyond the
quasi-static domain. We adapt MDL to dynamical systems to facilitate choreography ap-
plications. We refer to this adaption as Dynamical Motion Description Language (DMDL).
DMDL is a context sensitive language while MDL is context free. A single/double pendu-
lum is built to demonstrate the theory we developed. A radio link connection is used to
transfer sensor data to the host computer. We developed a new type of linearization to
deal with local stabilization in a lightweight structure having limited control torque.

The following contributions are contained in this thesis. In Chapter 2 a dynamical
motion description language (DMDL) is devised. The study of the control of unstable
mechanical systems is quite challenging, involving difficult problems caused by limited
communication rates, quantization errors, and parasitic dynamics. Trajectories following
problems addressed here in a novel way, are particularly difficult and had heretofore not
been investigated in a language context. We contrast kinematics with dynamics, MDL with
DMDL, and Aristotle mv = F with Newton m© = F. We define the language atoms of
DMDL based on the partition of trajectory space (function space) generated by the state
space. Useful descriptions of language elements are defined in the phase space instead of
the time domain.

Chapter 3 is about the experimental apparatus and its mathematical model. We built
the pendulum system to test our ideas. The integration of electrical and mechanical devices
itself is a very productive area of research. At Harvard Robotics Lab (HRL), we developed
a vision-based circular single pendulum driven by a servomotor. A digital video camera
is used as position sensor for the vertical link. We also built an electrostatic resolver-
based circular double pendulum driven by a servomotor. In order to measure the angular
positions of the two vertical links, a rotary electrostatic resolver is mounted on each of
the joints of the vertical links. The resolvers measure the absolute angular positions and

output analog signals. The analog signals are then converted into binary digital data. The
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digital data is sent to the host computer through a RS232 radio link. Interesting problems
arise concerning ways to increase data rate without increasing delay time. A small packet
radio link protocol is used for this purpose. Power consumption, size and weight are also
reduced.

In Chapter 4 we discover that good local stabilization is very important in the case
where the state space contains unstable equilibria. We show that a hybrid or multi-modal
control strategy provides a natural framework for the control of unstable systems. Here
we study a single pendulum that we bring to an upright, inverted position by a carefully
designed control sequence. The control sequence repeats a four-pulse pattern. It is shown
that the energy of the vertical link is increased at the end of each four-pulse pattern while
the horizontal link remains at the original position. Once at the inverted position, a locally
stabilizing controller that consists of both a closed-loop and an open-loop component is
used for stabilizing the system around the inverted position. Experimental results show
that our method is practically as well as theoretically sound.

In Chapter 5 a new theory is derived to make stabilization work in a lightweight structure
having limited control torque. Stabilization is one of the most important problems in the
control of dynamical systems. In most cases, a global stabilization control law is hard to
find or does not exist at all (e.g. inverted pendulum). However, in some cases, a local
stabilization control law can be constructed. In this case we want the region of attraction
to be as large as possible. A new type of linearization method, which we call feedback
linear approximation, is derived in studying local stabilization. Here feedback is used
to reduce nonlinearities of the original system. The average difference in a given region
between the original system and its linear counterpart is minimized. Then a low gain
controller design is used to enlarge the domain of attraction. The family of candidate
controllers is parameterized. The desired controller is found through a gradient algorithm
in the parameter set of candidate controllers. The results are successfully demonstrated in
stabilizing the HRL double inverted pendulum.

Chapter 6 applies the theory developed in Chapter 2 to the experimental apparatus
described in Chapter 3. It includes stabilization of the HRL double pendulum at its four
equilibrium points, generation of periodic orbits, and a transfer from an equilibrium point

to a periodic orbit.



Chapter 2

DMDL for choreography

In this Chapter, we describe the mathematical foundation for designing a control system
that processes choreographic scripts. The interaction of discrete and continuous objects is
one of the fundamental difficulties encountered in application digital computing to under-
standing or control of physical systems, Brockett (1992). To illustrate, consider controlling
a vehicle on Mars from a base station on Earth. It is not a good idea to send a detailed
analog command specifying the motor torque or velocity at each time spot, due to the time
delay and the limited channel capacity. It is better to send high-level discrete commands

such as *

‘move”, “turn”, “stop”, or composite commands such as “avoid the rock”. Along
this line Brockett defined a language for Kinematic machines, called Motion Description
Language (MDL), Brockett (1988a, 1990). Later, Krishnaprasad’s group at University of
Maryland extended MDL to incorporate interrupts from sensors, which they refered to as
MDLe, Manikonda et al. (1998). Sastry’s group at UC Berkeley took a graph theoretic ap-
proach to the motion control of robots, which they called control primitives. Its structure
is similar to object oriented programming languages, such as C++, Murray et al. (1992).
It is of equal importance to investigate the inverse problem. Namely, how does one use
analog inputs to generate a discrete motion (an element of a cluster of trajectories sharing
a number of common properties)? For example, when we speak the word “hello”, we pro-
duce an acoustic trajectory with time index. If it is close in some metric to the ‘normal’
acoustic trajectory of “hello” we can recognize the word correctly. Brockett’s pulse driven
dynamical systems captures this property. A pulse space is defined as a subset of the phase
space. The corresponding dynamical system changes discretely under pulse inputs. An

analog counter is defined as a pulse driven dynamical system, Brockett (1992).
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2.1 Introduction
Kinematic machines are models of the form
i = G(z)u; y=h(z)

where u, z, and y are functions of time. The input w is subject to some regularity condition,
say u belongs to the set of m-dimensional bounded piecewise continuous functions U. z
has its range in n-dimensional state coordinate space X. y has its range in p-dimensional
output space Y. G is a n Xm matrix that depends only on z. h: X — Y is an actuator-to-
output coordinate map. The symbolic inputs are called atoms. The atoms of the MDL are
triples of the form (u,k,T'). If at time ¢y the machine receives an input string (uq, k1,71),

-+, (ug, ki, T;) , the state x evolves according to

= G(z)(u1 + ki1(y)); v=h(z); to<t<ty+T

T=G(z)(u; + ki(y)); y=h(z); to+Th+---Tio1 <t<to+T1+--+T;

where £ : Y — X is a feedback function belonging to a function space K, Brockett
(1988a).

The theorem of the completeness of MDL is called expressiveness of Affine Modal Seg-
ments in Brockett (1988b). In order to be able to implement a system, which interprets
a family of atoms, it is necessary to index the possible atoms in a finite way. A natural

choice is to take an affine linear form. By an affine atom we understand that (u,k,T’) is of

the form
U1 U1 kii ki -0 ki y1 — dp
v Ug ko1 koo -+ kop y2 — do
= A )
Um Um kmi kmo - kmp Yp — dp

with the u;, k;j, d;, and T all being real numbers.

Theorem 2.1.1 (Brockett). If G is continuous functions of x whose components satisfy
a Lipschitz continuity condition, then affine atoms can be used to generate an arbitrarily
good approzimation to any curve, which the mechanism is capable of generating.

Proof. Let z(t) be any solution of

& = G(2)5(2).
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The standard Euler approximation to this solution, obtained by solving the difference equa-
tion

z(nh + h) = z(nh) + hG(z(nh))v(nh),

converges to the true solution Z(t), as step size h goes to zero. Let u; = 9(ih), k; = 0,
and T; = h we get a system which approximates the original system just like the Euler
approximation. As h goes to zero, the solution of the system driven by the (u,k,T)’s

approaches the original solution Z(t). n

Pulse space and pulse driven systems are studied in Brockett (1992). It appears that
in many cases neurobiological systems communicate by means of pulses rather than bilevel
signals. One can attempt to define a pulse by imposing specifications directly on the
functions of time. However, because of the character of pulse trains and the processes that
generate them, it seems to be more efficient to characterize pulses in term of differential
inclusions. This means, we put constraints on u and % and possible higher order derivatives.
In this paper an example of a double annulus model of pulse space is constructed. The
dynamical system

& = —sin(2rz) +u; z(0) =0

can count the number of pulses defined by the above pulse space.

2.2 Definition of DMDL

The MDL deals with kinematic systems. The differential equations for a kinematic system
have no drift term (i.e. no inertia). However, most physical systems have inertia. They are
described by differential equations with drift terms, called dynamical systems. A dynamical
system can be approximated by a kinematic system only when its moment of inertia is
small and its velocity is low. The language, which deals with dynamical systems, is called
Dynamical Motion Description Language (DMDL).
Let’s define a control system in the following way. Let X be a n-dimensional differen-
tiable manifold. Let
&= f(z,u), ze€X (2.1)

be a control system on X. By saying a control system can be choreographed, we mean
that the system can accept a language as input, and outputs a trajectory choreographed as
dictated by the language. In its most narrow sense, the language is a collection of strings

of atoms. Each atom describes a cluster of trajectory segments.
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Computer| «—— | sensors | (——
Language —> D ~——> Choreography

—> | Motors | />

Figure 2.1: A typical control system

A typical diagram of such control system is shown as Figure 2.1. In order to interpret
a language, we need to define equivalence classes of trajectories using a certain equivalence
relation. These equivalence classes will be our atoms. One can define such equivalence

relation based on homotopy.

Definition 2.2.1 . A feasible trajectory is a trajectory, which can be generated using a
feasible control function. An equivalence class of trajectories is a collection of feasible
trajectories, which can be deformed from one to another continuously. An atom is a symbol,
which defines an equivalence class of trajectories.

Given a control system with k isolated equilibrium points p1,p2, - - -, px. Possible atoms
include:
e Stay at equilibrium p; for time ¢;,
e Moving around submanifold p; of type /;,
e Change from p; to p; of type I;,

e circling around p;, or a cluster of equilibrium points p;; — p;, — -+ - pi, — Di; -

We can also consider discretization of a function space instead of the state space. The
discretization should be fine enough to capture any interesting topology on the function

space. First, let’s define the trajectory space as
S ={z([0,T])|z = f(z,u) for some z(0) = z¢ and some u(t) € Q for ¢t € [0,T]}.

Thus an element z([0,7]) € S can be identified by pair (zo,u([0,T])) with u(t) € Q for
t € [0,7]. It maybe happen that two different u([0,7])’s result in same trajectory z([0,7])
Thus S is a subset of X x Q[0,7]. In general, S is a function space of infinite dimension.
The motion control problem is then to find an appropriate u([0,7]) € © and/or initial state
zo € X to generate the desired trajectory z([0,¢]) € S. In choreography, we do not need to
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Figure 2.2: Alphabets on a torus

generate a trajectory z([0,7]) precisely. We want to reduce the problem to a problem in a

finite dimensional space or finite state space. Thus we need to define alphabets on set S.

Definition 2.2.2 . An atom [ is a subset of trajectory space S. An Alphabet A =
{l|l C 8} is a collection of atoms which partitions S. We can also say, alphabet A is a

quotient space of trajectory space S/ ~ where ‘~’ is the equivalence relation defined by the

atoms l’s. A language L is subset of A* containing empty set ®, where A* is the free
monoid over A. We say alphabet A’ is coarser than A (or A is finer than A') if there is
an equivalence relation ~ such that A" = A/ ~.

Thus we can have a hierarchy structure of alphabets based on coarseness (<),
A <Ay <--- < S.
An example. Consider a first order system on a torus 72 = §' x S!
{ b1 =u
92 = uz,
with (61,62) € T?. We can define atoms

1 = make a big circle in time T = {(61,62)([0,T))] fOT do, = 2, fOT dfy = 0},
lo = make a small circle in time T = {(61,602)([0,T])] fOT do; =0, fOT dfy = 27},

They are illustrated in Figure 2.2. More generally, we can define an atom

T T
(o, B,T) = {(61,62)([0.T)) | /0 do; = a, /0 a8, = B}.
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Under the atom [(«, 3,T"), the initial and final states are related by

(61,02)(T) = (61,602)(0) + (a, B).

With a sequence of I(a, 8,T)’s, we can describe almost all the trajectories. Thus we can
define an alphabet
A:{l(a,ﬁ,T)‘O[,ﬁER; TER-I—}

and a language & = A*. Such § is a finite dimensional language in the sense that A is
homeomorphic to R®. We can also define a coarse alphabet and languages on the coarse

alphabet. For example, define atom

kAT kAT
16, 3, k) = {(01, 62) ([0, kAT])| /0 i, — iAo, /0 d8, = jAB).

It captures the properties of state quantization and time discretization.

Consider a simple 2nd order system
0 =u. (2.2)

We want to command (2.2) to turn a full circle. Assuming (0) = 0, we can integrate (2.2)

to get the constraint on u to be z(7T") — z(0) = fOT fg u(o)dodt = 2n. Then
o(T) = 2(0) = Jy Jyulo)dodt = [ [ u(o)dtdo

= [T u(o)(T - 0)do = [ u(o)g(o)do

where g(0) = (T — o). By putting a metric g(¢) on the input space U, making a full circle

(2.3)

in @ space can be down by selecting u such that fOT u(t)g(t)dt = 2r. O(T) is still arbitrary.
If we want §(T) = 0, then we have another integral constraint, fOT u(t)dt = 0. So we need

to find candidate solutions from these two constraints.
[T u(t)g(t)dt = 2x
(2.4)
[T ut)dt =0

Equation (2.4) has at least one solution when g is not a constant. One such u could
be a function that has positive value around t,,,, = argmax g(t), negative value around

tmin = argmin g(t), and zero elsewhere. For example,

(g (tmaz ) —ﬂg (tmm ) ) At’

B (g(tmaa:) —Wg(tmm ))At ?

0, otherwise.

for t € [tmaz — At, tmaz + Al

for t € [tmin — At tyin + At],
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Y

Y

(u,0,T) (Up,k,T)

Figure 2.3: Example of the syntax of DMDL

MDL applied to a kinematic machine is a context free language, i.e., any arbitrary
string of atoms is in the language. But DMDL is a context sensitive language. We cannot
cascade atoms arbitrarily to form a valid string. That is because we need to take the
state of the dynamical system into account. One type of syntaz to form a valid string
is to cascade atoms, which share a common stationary point. For example, (u,0,7) —
(up, k,T) — (u,0,T) — -+, where (u,0,T) changes the dynamical system from one
equilibrium point/periodic orbit to another equilibrium point/periodic orbit and (uy, k,T)
stabilizes the system at one . It changes from one equilibrium point/periodic orbit to
another one equilibrium point/periodic orbit (u, = 0 for equilibrium points), shown in

Figure 2.3.

2.3 Useful descriptions of language elements
Given a single pendulum, 2nd order system,
Z+ & +sinz = u, (2.5)

we want to generate motion by selecting the torque u of the driving motor. The pendulum
has two type of isolated equilibria, (z, ) = (2kw,0) and (z,z) = ((2k + 1)7,0), k € Z. The
reason to put a damping term in (2.5) is that we want attractive equilibria at (2k7,0) for
k € Z. One type of motion we are interested in is to turn a full circle, i.e., change from
x = 2km to (2k+2)7. We are interested in the description of (u, %) to generate such motion.
Suppose the initial state of the system (2.5) is in a neighborhood of (z,%) = (2k~,0,), we
can use pulse u to reset the initial velocity . With the new % in a certain range, system will
turn a full circle and approach ((2k + 2)m, ) In order to rest around the new equilibrium
(2k + 2)7,0), we need to send a negative pulse to bring & close to 0. The state z will then
rest at the new equilibrium because of its damping term. Figure 2.4 is the sketch of such

a u in phase space. It looks like a dumbbell. The following lemma will describe properties
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u u

~
\J

G

Figure 2.4: Left: Dumbbell phase space. Right: A pulse from the dumbbell phase space.

of pulse generated from the dumbbell phase plot. Let

S = (—ag — aze, a1) x (—pig, Por)

. 0, foru<oOor (u,a) €S
dl(U,U) = .
1, otherwise,
. 0, foru> —ageor (u,u) €S
d2(ua u) =
1, otherwise.
Definition 2.3.1 We say that u : [0,00) — R is a dumbbell-pulse train if
i. w?a2(1 —¢e)? <4? + w?(u— a1)?, and w?ad(1 —¢)? < 4?2 + w?(u — s — aze)?,
and (u,%) ¢ [~az — aze, a1] x [~Pi(e — €%), Ba(e — €7)]
ii. 42 + w?(u — a1)? <w?a?, or 4% + w?(u — as — a3e)? < w?a?,

or (u,u) € (—az — ase, a1) X (—Pig, fog)
iii. |+ w?u — a1w?|dy (u, 1) + |i + w?u + (a2 + aze)w?|do(u, ) < €.

Lemma 2.3.1 (Dumbbell) If u(-) is a dumbbell-pulse train, then:

i. The period between successive pulses, Ty, approaches %T + % + % as € goes to zero.

il. If dg(u(t1)) = di(u(te)) = 0 then the integral
t2
Tt 1) = /t w(t)dy (u(t) ) dt

approaches (—1)’“_12”#, k = 1,2, times the number of positive and negative pulses

in [t1,t2] respectively as € goes to zero.
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iii. If u(t) begins and ends around 0, the time integral

1 /. 1 [i(t)u(t) — a>(t)
2 / 0 =5 | “w + @)

is the number of positive (or negative) pulses.

We omit the proof, because it is almost identical to the proof of Lemma 3 in Brockett
(1994a). In the region of di(u,%) = 1, u approaches one period of positive pulse a;(1 —
cos(wt)) as € goes to zero. In the region of do(u,%) = 1, u approaches negative pulse
ag(cos(wt) — 1). The two strips in between give the separation time between positive and
negative pulses. The 2nd order constraint for the pulse train prevents u from making tiny
circles when || is small. We will find use of this pulses generator in the following theorem

and determine those parameters.
Theorem 2.3.1 Given a 2nd order system
Z+z+sinz=u, z(0)=0, £(0)=0, (2.6)

there exist parameters (w,a, 8,€) such that any dumbbell-pulse train u will increase z by
2w at the end of each period Ty. More precisely, if u(0) = u(t1) = 0 and u(0) = u(t1) > 0,
then

bogt)u(t) — u?
(@, #)(t1) = (% /0 Sg ( t()t)+ y (t()t) dt, 0) + O(e).

Proof. We break this problem into four steps. First, we need to reset the initial velocity
Z to a large enough value using a big positive pulse in the region of d;(u,%) = 1. Second,
We let the system flow by itself, i.e., u is zero or very small which corresponds to the thin
strip below u-axis. Third, when z(t) is close to 27 we need to reset & to around zero which
is done by the small negative pulse in the region of do(u,u) = 1. Last, we let the system
flow by itself again corresponding the thick strip above u-axis. See Fig2.5 for the vector
field of (2.6) with v = 0. The damping term will bring the state to the new equilibrium.
The next cycle then starts.

Now we will compute parameters (w,a,f,e) so that the system (2.6) will evolve as
expected. Since we don’t have the analytic solution to (2.6), we will use an approximation.

When £ is large, we can approximate (2.6) with u = 0 by
Z+z=0 (2.7)

We can integrate it to get £ + x = const. In order to reach point (z, %) = (27,0), we have

%+ z = 27. Thus we need £(0) = 2m. We need the large positive pulse u to reset £(0). We
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can pick a large w so that the duration of the pulse is very short. Then we can approximate
(2.6) by

z=u. (2.8)
Let t; = %T From lemma 2.3.1.ii we then have
. . t 2Ty
2 = %(t1) — £(0) = u(t)dt = + h.o.t.
0 w

Thus @; = w. Now we need to estimate the time ¢, to reach z(t2) = 27 to get 1. We can

use (2.7) for z € [0, 3271] and the linearization of (2.6) for z € [3271, %71], ie.,
it+i+tz—2r=0 (2.9)

With initial (z(¢1),2(¢1)) = (0,2n), the solution to (2.7) takes the form of z(t) = 2x(1 —
e~ U=ty At z(tg) = 327_f, we get to1 = t1 + In(4) and @(tz1) = 21 — z(t21) = §. With
initial (z(t21), Z(t21)), the solution to (2.9) takes the form of

_tmta V3 T V3
z(t)—2r=e¢ 2 [—5 cos(5- (¢ — 1)) + Wi sin( - (t — t21))]-
From z(t2) = 27, we get tan(@(tg —t91)) = +/3. Thus
2m 2r 2r
ty =ty + — = T 4 In(4) + .
N R AN

Then we need 1 = tQafP’tl = a3/(In(4) + 32—7T3) At to, we have z(ty) = -72[6_3L\/§. We
need to use the small negative pulse u to bring Z(¢2) to zero. Combine equation (2.8) and
lemma 2.3.1.ii, we have 0 — z(t2) = —27&)&. Thus ap = ‘—Zre_SL\/ﬁ. Then we can select a
small enough B2 so that = will rest at the new equilibrium. Thus, one set of appropriate
parameters for the dumbbell-pulse train is

(w, a1, a9, a3, 81, 02,¢) = (w,w, %e_%\/g,ag,ag/(ln(ll) + 2—7T3),ﬁ2,6)

3V3

where w is large and as, B2, € are small. n

The dumbbell pulse space has a thin belt below, as shown in Figure 2.4 left. This means

dumbbell-pulses are not robust, i.e., they are sensitive to perturbations. To improve on this
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Figure 2.6: Left: Bean phase space. Right: A pulse from the bean phase space.
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we construct a bean pulse space that overcomes this shortcoming. Let

) 0, foru<Ooru<O0or (uu)e€S
bl (ua u) =
1, otherwise,
) 0, foru>0oru<0or(u,a)€S
b2(ua u) =
1, otherwise.
) 0, foru>0orwu>0or(uu) €S
b3(uau) =

1, otherwise.
Definition 2.3.2 We say that u : [0,00) — R is a bean-pulse train if

i wia? <4? +wi(u—a1)? and wiad < 4? + W (u+ s + 2a3¢)? for 4 >0,
wi(on + g+ aze)? < 4%+ wi(u — a1 + as + aze)? or 42 + wi(u+ asze)? < wiaie? for

u <0

ii. 42 + wi(u —a1)? <wla?(1+¢€)? or 4?2 + w?(u+ ag + 203¢)? < w?a3 (1 + ¢)?
or 42 + wi(u — a1 + g + aze)? < wi(ar + ao + (31 + 2o + as)e)?,

or U < fe for u € (—ag — ase, aq)

iii. |1+ w?u — wlaq|by (v, 0) + |ii + w?u + w? (s + 2a3¢) |be (u, 1) + i + wiu — w3 (a; — ag —

aze)|bs(u, ) < e.
Where a1, ag, a3, 8,wi,ws, € > 0, 2a3 — a1 —ag > 0, wy > w.

Lemma 2.3.2 (Bean) If u(-) is a bean-pulse train, then:

i. The minimal time Ty, for a complete pulse approaches 21—7{ + wlz + %‘3 as € goes to zero.

i, If by (u(t1),0(t1)) = br(u(te), u(t2)) = 0 then the integral

t2
Le(ty, ts) = / w(t) g (u(t), (1)) dt

t1

k—1TCk

approaches (—1) T

k = 1,2, times the number of positive and negative pulses

in [t1,t2] respectively as € goes to zero.

iii. If u(t) begins and ends around 0, the time integral

% /9-(t)dt: % /a(t)(u(t)—al)—#(t)dt

(u — a1)?(t) +a*(1)

is the number of positive (or negative) pulses.
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We omit the proof for the same reason as in Lemma 2.3.1.
Theorem 2.3.2 Given a 2nd order system
Z+z+sinz=u, z(0)=0, #(0)=0, (2.10)

there exist parameters (w, o, B,¢€) such that any bean-pulse train u will increase x by 27 at

the end of each period Ty,. More precisely, if u(0) = u(t1) = 0 and 4(0) = 4(t1) > 0, then

8 = o [ GO0 0)+ 0

The proof is similar to that of Theorem 2.3.1 and is left to reader.




Chapter 3

Experimental apparatus — HRL
single /double pendulum

In this chapter, we describe the experimental apparatus used in this thesis. There is
a long-standing interest in the control of inverted pendulums, see, e.g., Spong (1995);
Astrom and Furuta (1996); Astrém (1999). The dynamics of the inverted pendulums are
complex enough to yield a rich source of nonlinear control problems, yet simple enough
to permit a considerable mathematical analysis. In the Harvard Robotics Laboratory, we
have built a vision based rotational single pendulum. We then implemented a hybrid swing-
up control on the single pendulum, see chapter 4. Later on, we upgraded it to a double
inverted pendulum. The vision sensor was replaced by a pair of electrostatic resolvers, which
communicate with the computer through a packet based radio link. In chapter 5, feedback
linear approximation is used to stabilize the double pendulum at its up-up position. In

chapter 6, we describe the implementation of DMDL on the double pendulum.

3.1 Vision-based single pendulum

The experimental apparatus that we use for the experiments consists of a horizontal link,
driven by a servo motor, and a vertical link that moves freely in the plane perpendicular to
the horizontal link, as shown in Figure 3.1 ~ 3.3. The motor system used is an integrated
motion control system with the motion trajectory controller, motor driver electronics, po-
sition encoder and motor all contained on one unit. It communicates with the computer
using RS-485 at a sample rate 8.3KHz. A 10 : 1 ratio gearbox is mounted on top of the

motor to increase the torque output. The natural frequency of the free-swinging vertical

19
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Figure 3.1: The Harvard Robotics Lab single inverted pendulum.

P L1 Gray code
- Camera l1 plate

Figure 3.2: A schematic overview of the experimental setup.

Computer | .—| Video | —| Digita —__|Gray Code| | Single
P = Grabber <= Video Camera — Plate {—|penduium
> | RS485 |——)> | Motor |———) | Gearbox | ———>

Figure 3.3: Diagram of the vision based single inverted pendulum.
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Figure 3.4: The circular disk used for encoding the position of the vertical link.

link is 0.88Hz, and the horizontal link can be controlled at a sample frequency of 60Hz.
This is due to the sample rate, 60 frames/sec, of the video camera which is used as a po-
sition sensor for the vertical link. The system thus provides us with enough bandwidth for
controlling the pendulum.
The Gray code plate

In order to measure the position of the vertical link, a video camera is mounted at the
base of the horizontal link, where it grabs images of a circular plate fixed on the vertical
link. The camera captures a frame that is 60 x 80 pixels at a rate of 60 frames/sec. Using
black and white blocks, this plate encodes the position of the vertical link which allows
readings at 0.28deg angular resolution, as shown in Figure 3.4. There are 8 rings of black
and white blocks on the plate. Figure 3.5 shows a typical frame of the camera reading.
The image in the top left corner is the grabbed image, which is thresholded into a binary
image. The 8 cross points of the thin lines on the image (one horizontal line per ring) form
8bits of angle information. The angle information is encoded using “Gray code”. In the
binary form, the Gray code changes only one bit for adjacent numbers, e.g., the 4bit Gray
code for 0,1,2,3,4,5,6,7,8,--- is 0000,0001,0011,0010,0110,0100,0101,0111, ---. Thus it
is robust to noise. The 8bit Gray code gives us 360/2% = 1.4deg resolution. Each block is
of 5 pixel width. We can count the pixel distance from the cross points of the thin lines to
the boundary of the block. Thus the resolution is refined to 1.4/5 = 0.28deg, see Figure

3.6 for a typical sample plot. In the plot, the jumps between neighboring time instances is
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angle(deg)

Figure 3.5: A frame of the camera reading.

pendulum position

20 21 22 23 24 25
time(sec)

Figure 3.6: A typical sample plot of the vision sensor.
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less than 0.3deg.
Control loop

The camera grabs a frame of image of the Gray code plate. Then that frame is sent to
the computer through the frame grabber board. The software consists of three modules: the
vision module, the control module, and the motor module. The vision module decodes the
image to get the current angular position and sends it to the control module. The control
module decides the next motor velocity and acceleration, then sends them to the motor
module. The motor module packages up the motor control commands and sends them
to the motor through RS-485 board. That closes the loop, as shown in Figure 3.2. The
motor does not send back its position information. Because it lowers the overall sample rate
significantly, from 60Hz to 30Hz. Instead we built a second order motor position estimator
inside the control module.
Computing environment

The computer used in this project is a 200MHz dual Pentium processor system with
Microsoft Windows NT as its operating system. The software that runs on the computer

is written in Microsoft Visual C++ 5.0.

3.2 Electrostatic resolver based double pendulum

The platform that we use for the experiments consists of a horizontal link, driven by a
servo motor, and two vertical links that move freely in the plane perpendicular to the
horizontal link, as shown in Figure 3.7 and 3.8. In order to measure the position of the
vertical links, a rotary electrostatic resolver is mounted on each of the joints of the vertical
links. The encoders measure the absolute angular positions (instead of incremental) and
outputs analog signals. Then each analog signal is converted into a 12bits binary digital
data. The digital data is sent to the host computer through a RS232 radio link, as shown
in Figure 3.10. The radio link can send 50 readings of both the encoders per second in real
time which limits the sample frequency of the whole system to 50Hz. The sample rate of
the motor is 8.3KHz. Each encoder has accuracy of .06deg. The base of the pendulum is
leveled with an error of .05deg.
Level the base

The angular position readings of the two vertical links are relative to the horizontal link
(the motor link). In order to get accurate readings relative to the ground frame, we need

either a leveled horizontal link or a known tilting angle of the horizontal link. We pick the



§3.2 ELECTROSTATIC RESOLVER BASED DOUBLE PENDULUM 24

Figure 3.7: HRL double inverted pendulum.

— ——| Radio | /— —— | Electrostatic| ~——| Double
Computer <7 RS232 <7 Link <7 ADC <7 Resolvers <7 Pendulum

—>|RM85| ———>| Motor | ————>| Gearbox | ——»

Figure 3.8: Diagram of the electrostatic resolver based double inverted pendulum.

former in these experiments. An adjustable unit is inserted between the motor and the
heavy concrete base, as shown in Figure 3.9. We can adjust the level by turning the screws
at each of the four corners between two square aluminum plates. The levelness of the base
is measured by reading the encoder attached to the first vertical link s when it points
downward (multiple readings to cancel the reading errors), as shown in Table 3.1. Where
0, is the motor position and 5 is the position of the first vertical link at rest. The maximal
error of the levelness of the base is 0.05deg which is good enough for our experiments. Note
that the accuracy of the electrostatic resolver is 0.06deg.

Electrostatic resolver and radio module

In order to measure the positions of the two vertical links we need a pair of angular
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Figure 3.9: Sketch of the level base

0: (deg) 0 90 180 270
0 (deg) | 180.00 180.03 180.05 180.04

Table 3.1: Test data for levelness of the base

position encoders. At the same time we do not want loose wires hanging from the vertical
links, because that restricts the range of reachable positions. So we use a radio transceiver
to send the data to the host computer wirelessly. The design criteria for the encoders and
the radio are: small in size, light in weight, ‘high’ data rate, real time (very small delay),
low power consumption. The encoders should have high resolution. The radio should be
transparent in the network. The encoder and radio module is shown in Figure 3.10 with its
diagram in Figure 3.11. It consists of two electrostatic resolvers, a power amplifier circuit,
a 12bits analog to digital converter (ADC), a RS232 radio link, and a power circuit. The
electrostatic resolver we used is comprised of an electric field generator, a field receiver, and
a dielectric rotor that interacts with the received field. The current collected by the field
receiver is processed to provide DC output signals proportional to the sine and cosine of
the rotation angle. It provides 15bit absolute reading with 12bit ADC. It consumes 10mA
current at 5V. The ADC outputs 12bit data at 19.2kpbs with RS232 interface. It consumes
approximately 50mA at 9V. The output range of the encoder is 0 ~ 1V, while the input
range of the ADC is 0 ~ 5V. So we built a x5 voltage amplifier in between. The radio
works at 19.2kbps with RS232 interface. It has a roughly 10ms time delay. It consumes
60mA at 9V. All together, a 9V and 150mAh battery lasts for 1 hour. It is of a palm size
and around 150g. A typical sample plot of each encoder is shown in Figure 3.12.
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Figure 3.10: Rotary electrostatic resolver and radio link.

Radio transceiver operation

The radio used in the pendulum apparatus is a passive RS232 radio link. The radio
works on a fixed frequency, and can only pass data in one direction at a time. The way in
which they pass data is controlled by 5 parameters: ‘Packet Size’, ‘CTS De-Assert’, ‘CTS
Asset’, ‘Preamble Bytes’, and ‘TX Holdoff Time’.

Using an example on our system, if the computer (connected to radio 1) transmits a
message to the ADC (connected to radio 2), radio 1 takes in the message into its buffer.

Once radio 1 has received ‘Packet Size’ bytes it starts the transmission process as follows.

e First it sends ‘Preamble Bytes’ of blank information. The purpose of this is to allow
the receiving radio to lock onto the signal. It is recommended by the designer that

this be set to at least 16 bytes.

e Then it encodes and sends all the data that is in its buffer, in the order that the data
was received (the buffer is a FIFO queue).

This means that each transmission packet is larger than ‘Packet Size’ bytes. The buffer
size of the buffer in the radio is 180 bytes. Its level is controlled using the Clear To Send
(CTS) protocol. When the buffer contains more than ‘CTS De-Assert’ bytes, the radio
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Figure 3.11: Diagram of the position sensoring circuit
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position of the 1st vertical link
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0.1
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Figure 3.12: A typical sample plot of the electrostatic resolvers.

lowers one of the lines on the RS232 bus, the CTS line. The unit at the other end of the
bus is supposed to be monitoring that line, and is meant to cease transmission when CTS
is lowered. Once the buffer has dropped back below the level specified in ‘CTS Asset’, the
radio raises the CTS line and the sending unit can recommence sending data. That way
the buffer never overflows. Finally, once the receiving radio has finished receiving the data
stream, it cannot commence sending data for a fixed period called the ‘TX Holdoff Time’.
This cannot be set lower than 5ms.

The main problem from our perspective is that our ADC doesn’t listen to the CTS line.

Thus when the radio transmission cannot keep up with the ADC’s data stream (say when
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the baud rate is at 56kbps), the ADC just keeps pumping data to the radio even after the
CTS line is raised. Instead of ignoring this data, the radio keeps accepting it into its buffer,
until the buffer is full. At this point the radio then has to drop bytes. In addition to that,
the data that is going over the lines is 180 bytes old anyway, which is 25ms at 56kpbs.
We estimate that the radio would successfully transmit the stream at 19.2kbps without
dropping any data at all. When the ADC was set at 19.2kbps it was only transmitting
14kbps of data. This allowed for the packet size to be 40 bytes. It appears from analyzing
the data input from the radio into the computer that its actual single transmission size is
14 bytes of data. The total delay time is close to 10ms. It accounts for the sum of the time
between the receiving data and the beginning transmission (2ms), the time of transmission
the preamble bytes, and /or the “Tx Holdoff Time’ (5ms). The preamble bytes are the empty
data that the radio puts on the front of each transmission.
Control loop

The electrostatic resolvers read the pair of angular positions of the vertical links and
output them in analog signals. The onboard ADC converts the analog signals into digital
data. The onboard radio transceiver sends the digital data to the transceiver on the host
computer wirelessly. The radio transceiver on the host computer receives the data and
sends it to the computer through the RS232 board. The software used here is similiar to
that in the single pendulum experiemts in Section 3.1. The control loop is shown in Figure
3.8.
Computing environment

The computer used in this project is an 800MHz Pentium III processor system with
Microsoft Windows 2000 as its operating system. The whole project is built with Microsoft
Visual C++ 6.0.

3.3 Mathematical model for the double pendulum

We start with the mathematical model for double pendulum. The single pendulum model
is a subsystem of the double pendulum model, which is addressed in the next section.
For background on the Lagrangian description of dynamical systems see Arnold (1978);
Marsden (1992). All the symbols related to the pendulum are shown in Figure 3.13. The

pendulum can be described by the Lagrangian

L(6,6) =K — U, (3.1)
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Figure 3.13: Rotational double pendulum.

where 6 = (01,62,603)7 is a vector containing the horizontal and vertical link angles and
K and U are the total kinetic and potential energies respectively. K is given by K =
Ki + Ko + K3, where the kinetic energy of each link is given by the contributions from one
linear translation, one rotation component, and one cross product component of translation
and rotation:

1 1 72 .
K; = §miUZ~TUZ' + §wiTIiw,~ + mi’l'iT(’Ui X wi), 1=1,2,3. (32)

Here v; is the linear velocity of the link at its joint p;, w; is its angular velocity with respect
to its joint space (notice that it is the angular velocity with respect to the non-rotating
frame attached on the joint p;), 7; = pe; — p; is the vector from the joint to the center of
mass of the link, m; is its mass, and I; is the inertia tensor of the link with respect to its
joint. For the first link, the kinetic energy is

1_ .
K = 5119%. (3-3)

We pick a non-rotational body-fixed frame at the joint po with z pointing to the center p;
(shown in Fig 3.13). Then vy = (—Llél,O,O)T, I, = diag{I cos? 0o, Iysin 0y, I}, wo =
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(0, 91, ég)T, and 79 = (—las8infy,ly cosfa,0)T. Ky takes the form of

1 . 1 . . . .
K2 = E’ij(Llel)Q + 512(93 + 0% Sil’l2 02) + m21202L101 COS 92. (34)

If we pick the same frame at ps, then in the inertial frame at pq,

p3 = L1(cos 0,0, —sin@;)? + Ly(—sinfy sin by, cos B, — sin by cos 0;)7.

Thus
V3 = ]33|91:% = (—Llél — Lzéz COS 02, —Lgég sin 02, Lzél sin 92)T,

I3 = diag{I3cos? 63, I3sin? 03, I3}, wy = (0,91,93)T, and r3 = (—I3sinfs,l3cosfs,0)7.

Thus
K3 = Sma((L101 + Loy cos 02)% + (Labasin 02)% + (L2by 5in 6)?)
+ 1362 + 62 sin? 6) (3.5)
+1maly (L2603 cos(8; — 03) + Lo63 sin 6y sin 6 + L1613 cos ).

Where I» and I3 are the moments of inertia of link 2 and link 3 with respect to their joints
po and ps, respectively. L; and Lo are the lengths of link 1 and link 2, while /3 and I35 are
the distances from the center of mass to their joints of link 2 and link 3, respectively. We

also have the potential energy
U = Us + Us = magls cos 0 + msg(Ls cos 62 + I3 cos 03). (3.6)

The coupled equations of motion that describe the dynamics of the pendulum are described

by the Euler-Lagrangian equation

d (0L oL .
E (8_01> - 6—01 = Fi, 1= 1,2,3, (37)

where Fj is a generalized force. Combine equation (3.1) ~ (3.7), we get the set of equations

(I1 + Iy sin? Oy + I3sin® 03 + mo L + m3(L? + L2 sin® 03) 4 2m3l3 Lo sin O, sin 63)6,;
+(m212 + mng)LléQ COS 02 + mglngég COS 93
+2m313L29% cos 0y sin O3 — (m212 + m3L2)Llé% sinfy — m3l3L19§ sin 03

+(I2 + mgL%)éléQ sin 209 + (I3 sin 2603 + 2mgl3 Lo sin 65 cos 93)9.19.3 =u,
(3.8)
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(mQZQ + mgLQ)Llél COS 92 + (IQ + mgL%)éQ + m3l3L253 COS(92 — 93)
—(%(IQ + m3L%) sin 260y + m3l3 Lo cos B sin 93)9% + m313L29§ sin(92 - 93) (39)

—(mggb + mgng) sinfy = 0,

m313L151 cos 03 + mglgLQéQ COS(92 — 93) + I3é3
—(%Ig, sin 203 + m313L2 sin 02 COS 93)9% - mglngé% Sil’l(92 — 03) (310)
—mggl3 sin 93 =0.

In this problem, we can directly control the acceleration of the motor. Thus we can

replace (3.8) by 6, = u. If we take friction 2 and p3 into account too, then we will get
él =U
(IQ + mgL%)éQ + mglgLQég COS(92 — 93) + HQéQ

—(%(IQ + mng) sin 2609 + m3l3 Ly cos 05 sin 03)9% + mglgLQé?Q’ sin(02 — 03)

9 —(nglg + M3gL2) sinfy = —u(m2l2 + m3L2)L1 cos 0, (3.11)

m3l3L292 COS(92 - 03) + Igég + M3é3

—(%13 sin 2603 4 msl3 Lo sin 65 cos 93)0.%

—mglngé% sin(92 — 93) — m3glg sin 93 = —um313L1 COS 93.

In order to determinate the parameters of the pendulum, we measure the torque and
the natural frequency. Then we can compute the moment of inertia by I = mlg/(27fr)2.

The parameters we used in the double pendulum setup are as follows:

g = 9.81N/kg; gravitation constant
Ly = 0.32m; Ly, = 0.264m;
maols = —0.0042kgm; mgls = 0.0023kgm; mg = 0.0795kg;
I, = 0.0241kgm?; I; = 7.5642¢ — 4kgm?;
uwa = 0.0 u3 = 0.0; the friction coefficients are artificial.

Figure 3.14 shows a typical plot of the double pendulum around its down-down position
without control. We can see that the coupled motion of the two vertical links is quite

complex.
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free motion of the 1st vertical link (dashed) and the 2nd vertical link (solid)
190 ‘ ‘ ‘ ‘
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Figure 3.14: A typical sample plot of double pendulum at around down-down position.

We now have a nonlinear model for the dynamics of the pendulum. However, when
designing a local, stabilizing control law, a linear model is preferred from a design point
of view. There are many stabilization results, e.g. LQ design, which are computational
feasible and easy to implement. The next step is thus to show how to linearize the equation
(3.11).

We want to stabilize the double pendulum at its invariant positions. We can first
linearize (3.11) at one of its four equilibrium points, 91‘ = 0; = § =0, 0] € R, and

5,05 € {2kn, 2k + V)7},k € Z}. Let 06; = 0; — 6F and 06; = 6; — 7. Then the linear

approximation of equation (3.11) becomes
( (591 =U
(IQ + mgL%)déQ + mglsLo COS(@S — 9;)5(93 + H2(50'2

{ (3.12)
—(magls + m3gLs) cos 05602 = —u(male + m3Lo)Lq cos 05

| mal3Lo cos(05 — 93‘)(552 + I3665 + u3593 — mggls cos 05603 = —umslz L1 cos 0.
If we let z = (661, 561,602, 505, 665, (593) the linearized system equations become

& = Az + bu, (3.13)
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where
01 0 0 0 0 0
00 0 0 0 0
A= 00 0 1 00 , b= 0 ) (3.14)
0 0 a43 aaa ass age by
00 0 0 0 1 0
0 0 ae3 ass aes ae6 be
with
( (43 Q44 Q45 G46 ) _ oyt ( (magle + m3gLa) cos 05 —po 0 0 )
a3 Ge4 Q65 066 0 0 maglgcos0; —ps3

ba _ oyl —(mala + m3 L)Ly cos 03
b6 —m3l3L1 CcOS 9;
M = ( Iy + m3Lj msls Lo cos(05 — 603) >

mal3Lg cos(05 — 63) I3

Thus at up-up position, 65 = 5 =0,

01 00 0 0 0
00 00 00 1
= 00 01 00 ’ b 0
0 0 56453 0 —-0.6328 0 —0.1635
00 00 01 0
0 0 —4.5720 0 30.6070 0 —0.8493

The denominator of the corresponding transfer function is
p(s) = det(sI — A)
= s%(s" — (a3 + ae5)s” + a43a65 — a45063)
= s2(s* — 35.9852 + 168.5)

= s%(s? —5.536)(s2 — 30.44).
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The transfer function (s for = (z1,z3,25 7,
(s = (sI—A"'
1 1
s? §2
_ bys” — agzby + as5bg _ —0.1645% + 5.4966
s* — (a3 + ags s” + au3065 — Q45063 s* — 35.9765s% + 168.5048
bes® — agsbs + aszbs —0.8414s? + 5.4966
s* — (a43 + ags s° + as3a65 — a45063 s* — 35.9765s% + 168.5048
3. peciali ation to in le pendulum ca e

The mathematical model for the single pendulum is a subsystem of the model for dou-
ble pendulum in the previous section, containing (61,62 . ollowing the derivation from

e uation (3.1 to (3.11 , we get
(Iy + I sin? 6y + moL? 01 + mala L1605 cos Oy
—mglngﬂg sinfy + I0,058in20, = wu (3.15
m2l2L1é1 cos By + Igég — %IQ sin 203 — malogsinfy, = 0
With direct acceleration control of the motor, we have
0 = u
(3.16

Igég — %IQ sin 292 — m2lgg sin 02 = —um2l2L1 COS 02

The parameters we used in the single pendulum setup are
g =9.81N/kg (gravitation constant , L; = 0.452m, mgalo = 0.0109kgm, I, = 0.035kgm?

We now have a nonlinear model for the dynamics of the single pendulum. However, as
we have already pointed out in ection 3.3, when designing a local, stabilizing control law,

a linear model is preferred. If we let z = (91,91,92,92 , the linearized system e uations

become
z = Az + bu, (3.17
where
01 0 O 0
00 0 1
A= , b= ) (3.18
00 1 0
0 0 ag3 O b4
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with a43 =

corresponding transfer function is

1+m}—229:31.57andb4:_%3111:

L M ASE 6

—3.116. The denominator of the

p(s =det(sI] — A = s*(s®> —asg = s°(s®> —31.57 .

The transfer function (s for = (zy,z3 T i
1 1
2 2
(s = (sI—A7 b= =
3.116
s2 — a43 s —31.57
E mp
él =Uu
. (3.19
0y = sinfy + u cos Os.
T = (917 él; 027 92
T ) 0
T 0 1
_2 = +u = f(z +ug(z .
3 T4 0
T4 sin COS I3
f
g
-1 0
0 0
f7 g = ) f7 fa g = . )
— COS I3 2x4 sinxg
—x4 Sin T3 —a:?l cos T3 + cos 2z3
0
0
f’ f’ f’ g =

3:1:?1 cosxz —2cos2x3 +1

3

zysinzs — 44 sin2z3
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0
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0
0
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eig(A — bbI'K = {-0.12
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0
0
, f,9,9,9 =0.
sin 2x3
& = Az + bu, (3.20
100 0
000 1
, b= (3.21
0 01 0
010 1
10 -1 0 0
-1 10 0 -12
) (3.22
0 0 20 5
0 -12 5 17

i0.7,—1,—1.7}



In this chapter, we investigate the problem of stabilizing a pendulum to its inverted position.
This is a well studied (see for example Astrom and uruta (1996 ; pong (1995 and, some
would argue, a well-solved problem, but what is novel in this chapter is that we take the
physical bounds on the control signals into account already at the design stage. ince
physical constraints always impose limits on what control signals are available, we take
the position that any controller that is to be implemented should explicitly address the
bounded input problem. ost part of this hapter is in unpublished manuscript i and
gerstedt (2002 .
The experimental platform that we work with, developed at the Harvard obotics
aboratory, is a rotational single pendulum, as seen in igure 3.1~3.3. It consists of a
horizontal link, directly controlled by a servomotor, and a vertical link moving freely in
the plane perpendicular to the horizontal link. ven though our discussion will be uite
general, this platform will serve as a motivating example as well as a test-bed for evaluating
the practical value of our contribution.
iven a agrangian system L(z,Z,u defined on M x M x U, where M is a manifold,
M its tangent space, and U a compact set of available control signals from which the
generalized forces in the agrangian can be derived. If (z1,u; ,...,(z ,u , where z; =z
when ¢ = | satisfies L(z;,0,u; =0, i=1,..., , then we say that {(z1,u1 ,...,(z ,u }
are agrangian e uilibrium points. urthermore, let (A4;,b; , ¢ = 1,..., , be the linear
control systems that characterize the local dynamics around a particular e uilibrium point.

The problem of swinging up an inverted pendulum can be thought of as driving the system
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from one such e uilibrium point (e.g. the pendulum is hanging straight down to another
(e.g. upright position under bounded inputs. A more general formulation of the problem
is to drive the system through a list of e uilibria. A model that describes such transitions
between different e uilibria is that of a reachability graph, i.e. a directed graph obtained
by associating each e uilibrium with a node in the graph. The presence of a directed edge,
e; , between node ; and is e uivalent to the existence of a feasible (u € U path in
M x M between (z;,0 and (z ,0 . In this chapter, we investigate what nodes can be
reached from each other, and what bounded controllers achieve this, i.e. we design the
reachability graph.

In order to make our control strategy robust we do not demand that the system has
to reach the e uilibrium exactly. Instead we are content if the tra ectory intersects a suit-
able open set around the e uilibrium, from which a locally stabilizing controller can be
constructed that drives the system to the desired state. However, a stabilizing feedback
controller can only be effective on selected parts of the state space when the input is sub ect
to magnitude constraints. In ection 4.1, we compute these regions of attraction for unsta-
ble, linear control systems driven by bounded inputs. We then let the stabilizing controller,
together with the corresponding region of attraction (which in the hybrid dynamic systems
literature is referred to as an define a in a multi-modal hybrid system.
We thus control the inverted pendulum by introducing different control modes, such as

and

If we now denote the invariant set, or region of attraction, associated with the e ui-
librium (z;,u; by (z;,u; M x M then, as long as  (x;,u; (z ,u = |, the
reachability problem is e uivalent to finding feasible paths (u € U between these regions
of attraction. Our solution to the problem of driving L between the different nodes in
the reachability graph is based on energy control. By in ecting energy into the system, a
bounded input control strategy with proven reachability properties can be attained. The

experimental results are shown in ection 4.3.

. emon theorem for the re ion of attraction

As already mentioned in the introduction, we want to construct a reachability graph for the
agrangian system L(z,Z,u , where each node ; corresponds to an e uilibrium (z;,u; ,
and each directed edge e; represents the existence of a feasible path between ; and

Around (z;,0,u; , the linear system (A;,b; describes the local behavior of L. Our first task
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is to derive the regions of attraction around each e uilibrium point where bounded input
feedback stabilization is possible.

We investigate how to design a locally stabilizing feedback controller for a linear system
under bounded inputs. or the inverted pendulum, this corresponds to constructing a
stabilizing controller for the linearized dynamics around the upright position. The solution
is to be used in a hybrid control strategy. In order for such a mode to be a useful component
in a hybrid system, it must be possible to define its corresponding and

, i.e. the parts of the state space on which the mode is well defined and locally effective
(invariant sets and the transition rules (guards . ( ee for example Henzinger (1996 ;

ygeros et al. (1999 .

We start by considering a linearized version of the pendulum model and then move on
to formulate a more general theory. As in ection 3.4, we can approximate the model of
the inverted pendulum by the following set of e uations

6, = u,

) (4.1
92 = sin92 + u cos 92,

where the subscripts 1 and 2 denote horizontal and vertical link angle, respectively, as seen
in igure 3.2. If we let the state space be z = (91,91,02,92 T the linearized dynamics

around 0 becomes

x +

oS o O

10
00
00

= o O
_ o = O

0 01

]

which constitutes an unstable but controllable, linear time-invariant system.
et us now study this situation in some generality. onsider an unstable, controllable
linear system

T = Az + bu, (4.3

where z € ,u € , and A,b are constant matrices of compatible dimensions. In the

absence of control bounds, we can easily construct an exponentially stabilizing controller
u=—bTKz, (4.4

where K is a symmetric, positive definite matrix solution (we will use  to denote positive

definiteness to the iccati e uation, Ri (A4,b,

ATK + KA - 2K 'K + =0, (4.5
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given the positive definite matrix . ( ee any textbook on L -design, for example Brockett

(1970 . If we now let the admissible controls be bounded by
lul 1, (4.6

then the introduction of this bound on the control means that the closed loop control
strategy in (4.4 can not be guaranteed to work. Instead we add an open loop term to the
controller, and choose to be content with the performance of the controller as long as it
drives the system to any stationary point.

The idea is to construct a locally stabilizing affine control law
u=—blKz+w, (4.7

where K is the symmetric, positive definite matrix solution to Ri (A,b, andwv€ isa

constant, open-loop term. This gives the closed loop system dynamics as
i=(A-b"K z+bv, (4.8

with stationary point
z =—(A-b"K ~'tw. (4.9

Here the inverse is well defined since the system is asymptotically stable. This follows from

the fact that the real parts of the eigenvalues of (A — bb' K are all negative.

m d udd pu (4,0
K Ri (A,b, 0
u=—-b"Kr+uv, |u 1
—(A-'K (' K(A-bb'K ~1p+1 -1 -1,1 V'KA-'K ~b+1=0
—(A—-bTK '

The total control effort necessary for making the system remain at x is
v = —b'Kz +v

= V'K(A-b"K "'bw+o (4.10
= W'KA-b"K “'b+1 0.
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If " K(A-bb"K ~'b+1 =0, then u = 0 for any choice of v € . inceu € —1,1,

we must have that the set of open-loop control values that generate stationary points is

given by

ve® (A-b'K “'h+1 11,1 = | (4.11
if " K(A—b"K “'b+1=0,andv € = otherwise. Here, given the set , the
set ={z€ |z= sforsomese } for €

The set  of stationary points to the closed loop system is given by
= —(A-bT'K b, (4.12
which is e ual to

—(A-b"K “B(b"KA-b"K “'h+1 71 1,1 ifTK(A-W'K “'b+1=0
—(A-bb"K b otherwise,
(4.13

which concludes the proof. n

ince the system matrix in (4.2 for the linearized inverted pendulum dynamics has

ra (A = —1, it is worth investigating this special case in some detail.
mm (A,b K 0 Ri (A,b,
0

BTK(A—bTK ~1b=—1

Ker(A =spa {(A—b"K ~'b}

(2 (i uppose that bT K(A — bb" K ~'b = —1. Then, from (4.13 , it follows that
we can place the e uilibrium point z anywhere on the 1-dimensional subspace spa {(A —

b K ~1b}. or a given z, the total control action becomes
u=—-b'K 1,
where x =z — z , which gives

i =(A-'K z + Az . (4.14
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ince we have an e uilibrium at x =z , i.e. at x = 0, we have that Az = 0, or in other
words
spa {(A—bb"K b} Ker(A . (4.15

But, since controllability of (4,b implies both that b =0 and ra (A — 1, the two
subspaces in (4.15 have to be 1-dimensional. Thus the inclusion has to be an e uality,

which gives that
Ker(A = spa {(A—bb"K ~'b}. (4.16

(79 (i If dim(Ker(A = dim(spa {(A—bb" K ~'b} =1, then it directly follows
that ra (A = -1

(731 (4 iven the controllable linear system (A,b , we can find an invertible state
transformation z = =z that transforms the system to a control-canonical form, i.e.
z = Az + bu,
with
0 1 0 0
A= g4 | = = b= =| " |. (4.17
0 0 1 0
—a —ay —a 1 1

urthermore, it is straight forward to see that K = TK 0 solves Ri (A,b, , where

=T 0. We denote the element in K at row i and column by ; .

Now, ra (A = —1 implies a = 0, which allows us to compute

1

1

o 0
(A-bb"K ~'b=

0

ince A — bb" K is stable we must have that ; =0, and thus

FR(A-BTK b=(1,..., =)
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This e uality is furthermore invariant under the state transformation

W'K(A-bb'K '
( —lb T( TK ( —1A _ —lb( —1b T( TK -1 —1b
= b'K(A-bb"K ~'b,

which concludes the proof. m

R m K K Ri (A,b,
0

This lemma enables us to directly state the following corollary.

Ker(A

We now have a complete characterization of the set of stationary points under control
action —b" Kz + v, with v € , but it does not tell us from what parts of the state space
this set can be reached when |u| 1. The uestion thus becomes to find the set of states

from which the stabilizing state feedback controller can be used.

m R f c d udd pu
= (K’U’
(K,v
(Koo ={z€ |(x—-2z "K(z—=z }
=0b"Kb ™ (1—|u |

et, as before, t =x + 1z , which gives

v=-b'K(z + = +v=u —b'K z, (4.18
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or in other words, since u € —1,1
VK 2 € ~1+u,1+u (4.1

It is clear that K generates a yapunov function to the system (4.3 since

(z = 2Kz 0, z € , z =0
. (4.20
(x 2'(ATK + KA-2Kbb'K =z 0, = € , z =0,
and K solves Ri (A,b, . Thus, as long as the system starts from a state from which the

flow satisfies (4.1 it reaches the stationary point z . But, ust because (4.1 is satisfied
for some initial condition, it does not follow that it is satisfied by the flow as time evolves.
However, along solutions, the yapunov function is decreasing, so if the system starts from
the boundary of an ellipsoid, given by zTK =z for some , that satisfies (4.1
then (4.1 is satisfied by the flow as time evolves as well.

In other words, the boundary of this region can be found by computing the smallest

solution to the two uadratic optimization problems

min z'K z, (4.21
sub ect to either
VK ¢ =—-14u (4.22
or
VK z =14u (4.23
If we rename the variablesas = Kbandd = 14w ,the agrange necessary and suffi-

cient conditions (see for example uenberger (1 6  for these two uadratic optimization

problems are

K =0
v (4.24
Tz —d =0,
where € is the agrange multiplier. This gives
=—(TKk- -~ d
( (4.25
r =K (TK- —d
That is
r =K~ Kb((" KK~ Kb~ ( 1+u =b0"Kb~ ( 1+u (4.26

'K 2 =(0'Kb— ( 14+u
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where the inverse (bY Kb ~ exists since K is positive definite and b = 0 due to the control-
lability assumption.

If we let be the smallest of the two solutions to (4.21 , we directly get that
=0b"Kb - (1—|u| , (4.27

which gives us the region from which —b” Kz + v stabilizes the system around each z as

the following ellipsoid
(Kov ={ze |(@z-z "TK@z—= } (4.28
Thus the total region of attraction contains
= (K,v, (4.2
and the theorem follows. n

0.2

-0.2 L
-0.2 0 0.2

igure 4.1 The thick, solid line is the set of stationary points achievable for constant inputs
of available magnitudes, , while each ellipsoid, (K,v , corresponds to a particular choice
of v e

An example of applying Theorem 4.1.2 can be seen in igure 4.1 where the following

system matrices are used

(o 5) =) =57
A= . b= , K= (4.30
0 -1 1 -1 3



tabilization
&t=(A-bb"K z+bv
T €

T €0

igure 4.2  chematic intended to suggest the need for a transition between stable or
unstable e uilibria and unsustainable transient needed to make a particular transition.

R m a (A = -1 u =0 UNS
= (b"Kb ~ v Ke (A
z € Ke (A = spa {(1,0,0,0 T}
oy
/2 = {C ,0,0,07] € }
4
« 3
. in up control
A hybrid system can be modeled as a (see for example Henzinger (1 6 ;
ygeros et al. (1 , which can be thought of as a directed graph with a specific system

dynamics associated with each node. ince we have derived a stabilizing controller and
a corresponding region of attraction, or invariant set, one mode in the hybrid pendulum
controller is already finished. Hence, our switching rule should be to switch from the swing-
up mode to the stabilization mode when € 3 , i.e. we let this condition be the guard
relation for the stabilization mode. It should be noted that we, throughout this chapter,
assume that the linearized model is ade uate on  for describing the system dynamics.
What remains to be done in the pendulum inversion problem is to design a swing-up
controller that drives the system to  under bounded inputs, i.e. to derive an ade uate
u in the wing-Up mode in igure 4.2. In this case the nonlinear nature of the dynamics
must be taken into account since, in the pendulum case, a large part of the state space is
covered as the pendulum is swinging back and forth. uch a swing-up controller can be
designed in a variety of ways. As an illustration, a naive approach can be seen in igure

4.3, where the system matrices (the system is linear are given by (4.30 . The control is
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Trajectory generated by
saturation control

\

Xz 0.41 -

Estimation on the region of attraction
under affine linear control

igure 4.3 A switching example is shown where v = sat(—b? Kz . This naive approach still
results in a satisfactory behavior, and 0 from igure 4.1 is intersected by the tra ectory.

simply given by a saturation function
u=sat(-b'Kz , (4.31
where sat( = if € (—1,1 andsign( otherwise.

A agrangian mechanical system L(z,%,u can be described by the e uation

M(z,4 &+ @@¢+8£K:F@ (u (4.32

where z is a vector of generalized coordinates, M(z,% the inertia matrix, (z,z the
damping matrix, (z the potential energy, F(z an input gain matrix, and (u are the
external control tor ues. ( ee for example arsden (1 2; pongand idyasagar (1 8

The energy of the system is

1
:?me@m+ (z,
and in Astréom (1 it was shown that
d
In Astrom and wuruta (1 6 ; Astrom (1 , it was furthermore pointed out that energy

control could be explored for controlling agrangian systems.



In the inverted pendulum case, we have

=u
. (4.33
=sin +4wucos ,

and we can associate an energy measure with the movement of the vertical link. ince we
want to drive this link to an inverted position it makes sense to in ect as much energy into
the system as possible.

We see that, if u = 0, we have
(" —sin =0, (4.34

or, in other words, that 1/2 " +cos is constant. It is thus possible to define the energy

of the vertical link as

. 1.
(, = 3 +cos (4.35
which is constant if u = 0. oreover, since
d .
7 (, =u cos (4.36

we can easily control this energy since the system is simply an integrator with varying gain.
If we want to increase the energy in the vertical link, which is desirable in the swing-up

situation, we can simply choose u such that
u  cos 0 (4.37

at the same time as the constraint |u| 1 is respected. This can always be done except
when =0or when = -+ T, €
However, for our experimental platform it is easier to implement swing-up controllers
that are non-zero only when the pendulum is hanging straight down since, by virtue of
(4.37 , this is where the e ect of the control is the most significant.
ince and  are coupled we do not, in general, have control over ( " when the
energy of the vertical link is controlled. However, an energy based control se uence that
drives the states z = ( , ", , T from any initial state z = ( ., Ttioan

open neighborhood of z = ( ,0,0,0 7 can be constructed from the following lemma

z(0 =z =(0,0,—m,d



igure 4.4 The control se uence and the corresponding tra ectories in emma 4.2.1.

(2, 2 - (-md = 3dd 1 (4

We first observe that from (4.33 it follows that when we apply the control u 1

followed by u 1 for the same amount of time we get (2 0. At the same time
we will see that we get a net increase in the energy function ( . ince the exact
solution to ~ sin involves elliptic functions and is highly dependent on initial conditions

we have to look for alternative ways of expressing the solution. ur proof of is based on

an approximation of the exponential map

( exp f

wh r ( s (0 d ,and

i ( sin U COS )
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